Abstract. We address the question: given a compact topological surface with boundary, when can it be symmetrically embedded in R 3 ? We construct examples of symmetric embeddings for compact surfaces with an odd number of boundary components, and connected sums of an even number of RP 2 's (cross surfaces) with any number of boundary components. We show in the appendix that a connected sum of an odd number of RP 2 's with 4n boundaries cannot be symmetrically embedded.
In the case of closed connected topological surfaces (i.e., compact connected surfaces without boundary), the Euler characteristic is a very strong invariant. Among closed orientable surfaces, there is a unique homeomorphism type of surface with Euler characteristic 2 − 2g for any integer g ≥ 0. These surfaces can be constructed by adding g "handles" to the 2-sphere, as shown in Figure 2 , and are called surfaces of genus g. By removing a finite number n of disjoint open disks, we can produce a surface with boundary. The resulting surface has Euler characteristic 2 − 2g − n, so for example a sphere with two disks removed (an annulus) has the same Euler characteristic as the torus. Thus for compact oriented surfaces with boundary, we need to keep track of both the Euler characteristic and the number of borders to get a complete invariant. The situation for nonorientable surfaces is similar. A nonorientable surface can be constructed by removing an open disk from an orientable surface and gluing in a Möbius strip along its boundary. This operation, called "adding a cross cap," decreases the Euler characteristic by 1. Doing this operation once to a sphere produces the cross surface (RP 2 ); doing it twice produces the Klein bottle. These surfaces are much more difficult to visualize, as they cannot be embedded in R 3 . For nonorientable closed surfaces the Euler characteristic is again a complete invariant, and takes the values 2 − n for any integer n > 0. Just as in the orientable case, removing a disk from such a surface decreases the Euler characteristic by 1. We will use the notation of the second author and denote the nonorientable surface obtained by adding a cross caps to the 2-sphere and removing b disks by × a * b . The classification theorem for surfaces summarizes this discussion: compact connected surfaces with boundary are classified up to homeomorphism by orientability, number of boundary components, and Euler characteristic. The reader can now check that the surface in Figure 1 is indeed homeomorphic to a punctured Möbius strip.
As is the case with the 2-border Möbius, the borders of any compact surface with boundary are all equivalent as far as the intrinsic topology of the surface is concerned. The purpose of this paper is to address whether this intrinsic symmetry can be exhibited by an embedded surface in R 3 . More precisely, given a surface with boundary we can ask whether it can be embedded in such a way that there is a symmetry taking any border to any other. The precise answer to this question depends on exactly what "symmetry" means. While more rigid definitions are also interesting, for the moment we shall adopt the most general notion of symmetry, which only depends on the topology of the embedding. We shall therefore say that an embedding is "symmetrically bordered" if for any two of its borders there is a homeomorphism of space taking the surface to itself and taking one border to the other. In the following section we shall produce symmetrically bordered embeddings for a large class of surfaces. Any surface with an odd number of borders has such an embedding, as does any surface obtained by removing disks from a closed surface with even Euler characteristic. The first author shows in the appendix that a surface obtained by removing 4n disks from a surface of odd Euler characteristic admits no such embedding.
It is interesting to remark that the nonembeddablility of RP 2 in R 3 can be deduced from the nonexistence of a symmetrically bordered 4-border Möbius (though this result can certainly be derived more directly). To see this, note that by zooming in on a small neighborhood of a point in the image of an embedding of RP 2 and removing four disjoint disks, one would obtain an embedding of × 1 * 4 with equivalent borders. For a discussion of the nonembeddability of RP 2 in R 3 in a similar vein, see [4] .
2. SOME SYMMETRICALLY BORDERED SURFACES. Which surfaces do we need to consider? A simple observation is that given a symmetrically bordered embedding, we can add a handle to get another. Provided that the new handle is added in a small neighborhood around a point in the surface, the handle can slide around freely and can return to its initial position after a homeomorphism exchanging boundary components is applied. This immediately answers the question for orientable surfaces, as the n-bordered sphere can clearly be symmetrically embedded. It remains to consider the case of nonorientable surfaces. The classification theorem for surfaces implies that adding two cross-caps to a nonorientable surface is the same as adding a handle, so by the above discussion a symmetrically bordered embedding of × a * b yields a symmetric embedding of × a+2 * b . This throws special emphasis on two basic cases: × 1 * b , the "b-border Möbius," and × 2 * b , the "b-border Klein." In the former case, Figure 1 shows a symmetrically bordered × 1 * 2 . Figure 2 shows a nonorientable spanning surface for the Borromean rings that gives a nice example of a symmetrically bordered × 1 * 3 . While the next natural case to consider would be × 1 * 4 , the appendix shows that no symmetrically bordered embedding of this surface, or more generally any 4n-border Möbius, exists. The following procedure, however, produces a symmetrically n-bordered Möbius for any odd n. Take 2n points evenly spaced on a circle, and join antipodal points so that each pair of lines crosses exactly once. At each intersection point between two lines, we can resolve the crossing in one of two ways by making one line pass over the other. Because the number of lines is odd, the crossings can be resolved in such a way that the resulting diagram is invariant under a rotation of 2π/n. By thickening this diagram, adding the same odd number of twists to each strap, and gluing a disk to the back of the initial circle, one arrives at a symmetrically n-bordered Möbius, as one can easily check (see Figure 4 ). It turns out that we can construct a symmetrically b-bordered Klein for any number b. If b is odd, simply create a circle out of a chain as shown in Figure 5 by connecting its loose ends. This also works for the chains of Figure 6 , which are obtained by deforming the embedding in Figure 5 , and for the alternative chain of Figure 7 . If b is even, the surfaces described above are orientable, but by giving the chain of Table 1 summarizes our results. The entries N, justified in the appendix, indicate that no symmetrically bordered embedding exists, Y indicates that such an embedding in which all symmetries are orientation preserving exists, and Y* indicates the existence of an embedding that requires orientation reversing symmetries. In the cases marked "?" we do not know whether or not a symmetrically bordered embedding exists. 
QUESTIONS.
Our first question is that suggested by Table 1 : does there exist a symmetric embedding for × 2k+1 * 4n+2 when n > 0? The special case of this question for the 6-border Möbius is particularly intriguing. In these cases the appendix shows that, as with the 2-border Möbius in Figure 1 , orientation reversing homeomorphisms must be present in the group of homeomorphisms that permute the boundary components.
Which permutation groups are achieved by the topological symmetries of × a * b permuting its b (oriented) borders? In the Möbius case (a = 1), the groups of our own examples are cyclic or dihedral with the exception of the "Borromean surface" in Figure 2 . Which links arise as boundaries of symmetrically bordered nonorientable surfaces of a given type? It is clear that the "cross-cap number" of the link, i.e., the minimum possible first Betti number B 1 of a nonorientable spanning surface (see [6] ), gives an obstruction to finding nonorientable spanning surfaces of low complexity, though a symmetric link with cross-cap number k may not have a symmetric spanning surface with B 1 = k.
Our remaining questions concern metrical embeddings in which the symmetries are to be realized by isometries. Note that the trick of adding a handle used above does not apply in this case. There are two interesting cases, according to whether the ambient space is taken to be S 3 or R 3 . We note that the required symmetries of our symmetrically even-bordered Kleins can be achieved isometrically in S 3 , but apparently not in R 3 (though a symmetrically (4n + 2)-bordered Klein example can be achieved metrically in R 3 by taking a connected sum of two symmetrically (2n + 1)-bordered Möbius examples). Such questions exist even in the orientable case; indeed for the 7-border double torus it can be proved that no symmetrically bordered embedding exists with symmetries given by isometries of R 3 . There is another point to be considered, which is whether the homeomorphisms in question are required to be orientation preserving. As mentioned above, orientation reversing isometries may be necessary for a given topological type, as is the case with the 2-border Möbius.
APPENDIX: SYMMETRY AND LINKING FORMS [by William Cavendish].
In this appendix we prove some nonexistence results about symmetric embeddings of surfaces. The following discussion requires somewhat more background in algebraic topology than the body of the paper, but should be understandable to the reader willing to accept the following basic facts about H 1 (S), the first homology group of a surface S. For a readable introduction to this material, see [2] . H 1 (S) is an abelian group which is generated by equivalence classes of oriented loops in S. One can add two loops by taking their formal sum, though one can also think of the sum of two loops as being given by the union of these loops in the surface. Two or more loops sum to zero if one can slide them around in the surface by means of a homotopy so that they sit as the oriented boundary of an oriented subsurface of S. As a consequence, if a is the homology class of an oriented loop, then −a is given by the homology class of the same loop with the opposite orientation, as is show in Figure 9 . Let S n be the image of a surface of type × 2k+1 * n under an embedding into R 3 . As above, S n will be called "symmetrically bordered" if for any pair of boundary components b i , b j of S n there is a homeomorphism σ : R 3 → R 3 such that σ (S n ) = S n and σ (b i ) = b j . We will refer to such homeomorphisms as "symmetries" of S n . Theorem A. There is no symmetrically bordered embedding of × 2k+1 * n into R 3 if n is a multiple of 4. If n is even, then the group of symmetries of a symmetrically bordered embedding of × 2k+1 * n must contain orientation reversing elements.
The strategy of the proof is to consider how loops in S n link each other when pushed off of the surface. This linking data depends only on the homology classes of the curves in S n , and we can encode this data in a bilinear form ·, · : H 1 (S n ) × H 1 (S n ) → Z called the Gordon-Litherland form. By choosing a basis for H 1 (S n ), we can think of our embedded surface S n as giving us a matrix. The symmetries of the surface S n impose symmetries on this matrix, while the orientability considerations force certain entries in the matrix to be either even or odd. To prove Theorem A, we will show that under the given hypotheses these parity conditions are incompatible with the symmetry conditions.
Before the proof proper we set up some notation. A surface of the type × 2k+1 * n can be represented as a standard quotient diagram for the cross surface with k handles added and n disks removed, as shown in Figure 10 for the case × 5 * 3 . In what follows we will refer to the following standard collections of curves on S n . The labels b i will denote the boundary curves, and the labels a i will denote curves passing between the b i 's as shown in Figure 10 . We will only be interested in homology relations between the a i 's and the b i 's, so the position of the handles in this diagram is not important provided that they are disjoint from these curves. To simplify notation, a i and b i will denote both curves in × 2k+1 * n and their images in the embedded surface S n ⊂ R 3 . Following Gordon and Litherland [3] , we define a symmetric bilinear form ·, · :
At any point p in S n , we can choose a small neighborhood of p in R 3 in which S n looks like a standard plane in R 3 . Given a curve γ passing through this neighborhood, we can take a family of normal line segments whose centers lie on γ to produce a ribbon, as shown in Figure 11 . Taking the boundary of this ribbon produces a pair of curves. If we produce such a ribbon along the entire length of γ , we obtain a new 1-manifold which we'll denote P(γ ) and call the "push off" of γ . In more technical language, P(γ ) is the preimage of γ under the projection map π : ∂N → S n , where N is a tubular neighborhood of S n . Note that P(γ ) will be either connected or disconnected depending on whether γ is an orientation reversing or orientation preserving curve. These two cases are exhibited in Figure 12 .
For oriented curves γ 1 and γ 2 , we define γ 1 , γ 2 to be the linking number of P(γ 1 ) with γ 2 (see [5] for more information on linking numbers). If P(γ 1 ) has two components, this will be twice the linking number of γ 2 with either component of P(γ 1 ). This depends only on the homology classes of the curves γ 1 and γ 2 , and since simple closed curves generate H 1 (S n ) we can extend this form linearly to be defined on all of H 1 (S n ). One can check that γ 1 , γ 2 is a symmetric form and can be computed in a projection of the surface by summing contributions from crossings of γ 1 and γ 2 as follows:
The following observation about the parity of this form will be essential to our argument.
Lemma B.
If γ 1 and γ 2 are curves in S n intersecting transversely, then γ 1 , γ 2 is congruent mod 2 to the number of intersections between γ 1 and γ 2 .
Recall that the number of transverse intersections between two homology classes of closed curves is well defined mod 2, so this statement makes sense on the level of homology as well.
Proof. It is an easy exercise to show that the number of crossings between γ 1 and γ 2 in any generic projection of γ 1 and γ 2 is equal to some even integer 2k. If there are no intersections between γ 1 and γ 2 , then each of the 2k crossings contributes either +1 or −1 to γ 1 , γ 2 and hence γ 1 , γ 2 is even. If γ 1 and γ 2 have n points of intersection, then n of the 2k terms in the sum yielding γ 1 , γ 2 will be zero, and hence γ 1 , γ 2 will be congruent to n mod 2.
From Figure 10 we have the relations
. . , b n−1 = a n−1 − a n , b n = a n + a 1 , and from this Proof. If S n is symmetrically bordered, for any i and j there exists a homeomorphism σ of R 3 taking S n to itself taking b i to b j . Because σ restricts to a homeomorphism of S n , σ permutes the boundaries b i . We also have that σ either preserves the linking number or switches its sign according to whether σ is orientation preserving or reversing. Let τ be the permutation given by σ (
, so each entry in the ith row has a corresponding entry in the jth row equal up to sign.
The rest of the proof is essentially a computation in linear algebra.
Proof of Theorem A. Suppose S n is a symmetrically bordered surface, where n is an even integer. Using the relations above between the a curves and the b curves, we have that
We proceed to show that the above sum is congruent to 0 modulo 8, which gives that a n/2+1 , a 1 is even, contradicting Lemma B. Decomposing the symmetric matrix B into n/2 × n/2 blocks and labeling them If all the symmetries of the surface are orientation preserving then all diagonal entries are equal, not just equal up to sign. Thus the above is clearly congruent to 0 (mod 8), the desired contradiction. In the remaining case of Theorem A, n is a multiple of 4 and orientation reversing homeomorphisms are allowed. If b i , b i = 0 for all i then again we are done. Otherwise the borders b i break into two classes of equal size: those which can be taken to b 1 by an orientation preserving symmetry and those that cannot. Elements in different classes will have opposite self-linking numbers, so tr(B) = tr(U ) + tr(L) = 0. The diagonal of U has an even number of entries of absolute value |2m| for some m, so tr(U ) ≡ 0 (mod 4) and thus tr(L) − tr(U ) = tr(L) + tr(U ) − 2tr(U ) = −2tr(U ) ≡ 0 (mod 8), again the desired contradiction.
